GREEN FUNCTIONS ON SELF-SIMILAR GRAPHS AND BOUNDS FOR THE SPECTRUM OF THE LAPLACIAN
by Bernhard KRÖN (*) 1. Introduction.
Self-similar graphs can be seen as discrete versions of fractals (more precisely: compact, complete metric spaces defined as the fixed set of an iterated system of contractions, see Hutchinson in [15] ). The Grabner [11] , Lindstrom [23] and many others. In the present paper we study Green functions and the spectrum of the corresponding Markov transition operator P and (equivalently) the Laplacian 0 = I -P, where I is the identity.
There are different methods of spectral analysis on self-similar structures. Barlow and Kigami [1] and Sabot [33] used localized eigenfunctions to study the spectrum and to prove that it is a pure point spectrum. A first heuristic result on explicit spectra is due to Rammal [31] who investigated the spectrum of the Sierpinski graph in the setting of statistical physics. Malozemov and Teplyaev studied the spectral self-similarity of operators in a series of papers. Their functional analytic method is fundamentally different from our probabilistic approach. Malozemov [27] Malozemov and Teplyaev constructed a similar but more restricted class of self-similar graphs and they obtained the same bounds for the spectrum as in Theorem 5 of this paper.
Bartholdi and Grigorchuk, see [3] and [4] , have computed the spectra of several Schreier graphs of fractal groups of intermediate growth. The reader is also referred to the survey article of Bartholdi, Grigorchuk and Nekrashevych [5] .
We introduce a new class of rather general self-similar graphs in Section 2. In this definition there occurs a function ø which maps a set of vertices to the set of all vertices. This function is a contraction with respect to the natural graph metric and it can be interpreted as the 'self-similarity function' of the graph. A graph theoretic analogue of the Banach fixed point theorem is proved: Either 0 fixes exactly one origin vertex, or it contracts towards exactly one 'cell' of the graph. The simple random walk on self-similar graphs is recurrent if the graph has bounded geometry, which means that the set of vertex degrees is bounded, the cells are finite and the numbers of vertices in the boundaries of the cells are bounded. Properties concerning bounded geometry and volume growth of self-similar graphs were studied by the author in [21] .
In Section 3 the class of 'symmetrically self-similar' graphs is defined. They correspond to finitely ramified fractals for which the renormalization problem for the simple random walk (see Lindstrom [23] or Kigami [19] [12] , Hambly [13] and Jones [17] or the Vicek graph which corresponds to the Vicek snowflake, see Metz and Hambly [14] and [28] .
A finite part of this graph can be seen in Figure 1 Green function on the Sierpinski graph. Rammal and Toulouse used physical arguments to obtain such a functional equation, see [30] and [32] . Grabner and Woess calculated the asymptotic fluctuation behaviour of the n-step return probabilities. Grabner gave further applications of this substitution method in the context of the analysis of stopping times of Brownian motion on the Sierpinski gasket, see [11] . We state similar functional equations for all Green functions on any symmetrically self-similar graph. Such functional equations reflecting the self-similarity of a graph, a group or a fractal occur often in the literature. We refer for example to the papers mentioned above:
Bartholdi, Grigorchuk and Nekrashevych ([3] , [4] and [5] ) and Malozemov and Teplyaev ([24] , [25] , [26] and [34] [22] ) and in computing the spectrum of the Laplacian. [21] . integer n, let r(n) (v, x) be the n-step transition probability from v to x such that the random walk meets v only at the beginning. If the random walk returns to v for the first time after k steps, then either it returns after 1~ steps, where 2 k n, or after n transitions it is in a vertex x C C, without hitting v during these first n steps, and then it returns to v (after k-n steps, 1 k-n) in the sense of the inner transition function f ~').
In other words:
This identity holds for any positive integer n. In particular, any pole of F (v, v ~ -) is a pole in poles(C) which implies zeroes(/) C poles((7 such that I dn (z ) 1. Uniqueness of the analytic continuation of the Green function at the point z follows from the explicit form of (7.1 ) . In particular, if z is real, then we see that there is an E &#x3E; 0 such that for any x and y in VX the function G(x, y ~) is real and analytic in (z -~, z -f-~). Thus the inversion formula for the resolvent of a self adjoint operator (see Dunford and Schwarz [9] , Theorem X.6, implies that 1/z is not in the spectrum of the transition operator P. This method was, for example, also used by Kesten (see [18] , Lemma 2.1). to an open neighbourhood U(zo) of zo in J. Since all Green functions are analytic on C B spec-1 P, this implies 8Aô c spec-1 P. The reciprocal spectrum spec-1 P is real and it follows that z = 0 is the only attracting fixed point of d and Ao = Ao = J7. This implies J = aAo . The set S o 0 is contained in spec-1 P and Theorem 3 implies that 0 ) S is contained in C B spec-1 P. We conclude, spec P = ,7 U S. Since d is rational of degree at least 2, there are at most two exceptional points (see [6] , Theorem 4.1.2). Exceptional points are contained in the Fatou set (see [6] , Corollary 4.1.3).
Thus z = 0 is the only exceptional point, or there are no exceptional points.
By Lemma Sabot showed in [33] that the integrated density of states for nested fractals with at least three essential fixed points is completely generated by the so-called Neumann-Dirichlet eigenvalues. In [26] Malozemov and Teplyaev proved similar results for symmetric self-similar graphs where each cell has exactly two boundary points.
